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Abstract  Location-allocation models provide a valuable tool for operationalizing the central 
place theory. This paper attempts to integrate the marketing principle and the traffic principle in 
Christaller’s central place theory using multiobjective model. The model is formulated with two 
objectives: (a) minimize the total population uncovered by each service, and (b) minimize the total 
cost of constructing arcs between centers. Some computational results indicate that the model is 
possible to derive the flexible system of central place hierarchy. 
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1. Introduction 
 
Location-allocation models for seeking the optimal solution of facility location problem are 
stated using mathematical programming formulation. It has been pointed out that such 
mathematical optimization techniques are suitable for operationalizing the concepts of classical 
location theories, especially central place theory (Beaumont 1987). In modelling central place 
theory as the optimization problem, it is important to verify the objectives to derive the theoretical 
central place systems. For instance, in the studies using location-allocation models, some of works 
defined as p-median problem (e.g. Dökmeci 1973; Puryear 1975), and others emphasized the 
similarity to covering problem (e.g. Storbeck 1988, 1990; Stratiff and Cromley 2010).  
 Especially, with regard to Christaller’s central place theory (Christaller 1966), as Saey (1973) 
and Beaumont (1987) have pointed out, one possible interpretation is that of the set covering 
problem that seeks fewest locations while ensuring coverage over a region within the upper limit 
of the range of a good. Ishizaki (1992) demonstrated that the marketing principle of Christaller’s 
central place theory was able to be formulated as hierarchical set-covering problem, and applied 
the model to a hypothetical lattice network. However, the solution of the model using top-down 
method brought up the question of how to generate the hexagonal network of theoretical central 
place system. As a result of reinterpreting the locational principle to reply to this question, the 
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marketing principle was able to be modelled as a part of the generalized maximal covering 
location problem (Ishizaki 1995). Then, how can other principles of Christaller’s central place 
theory be defined as mathematical programming formulation? The administrative principle that 
lower-level cities are entirely within the territory of the higher-level city can be formulated by 
adding the coherent constraints (Serra and ReVelle 1993; Şahin and Süral 2007). On the other 
hand, the traffic principle that aims to align small towns with traffic networks (e.g. highways or 
railways) between major cities is not able to be formulated easily. The reason is because it is 
difficult to consider simultaneously two problems of where to locate cities for supplying the goods 
or services and which to connect between cities as traffic network. 
There are some studies concerned with the optimal network design of facility location problem. 
O’Kelly (1986) proposed the hub location problem that facilities act as switching points in 
network connecting a set of interacting nodes, and various models to solve hub-and-spoke systems 
have been developed (Farahani et al. 2013). While the hub location problem aims to decrease the 
number of links between nodes by minimizing the demand-weighted total travel cost, Melkote and 
Daskin (2001a, b) demonstrated the models that simultaneously optimize facility locations and the 
design of the underlying transportation network. These models clearly distinguished the total travel 
cost from demand nodes to facilities and the total link construction cost among the objective 
function, and Bigotte et al. (2010) expanded this model to hierarchical facility location problem. 
However, it is necessary to take into account a trade-off relationship between the facility location 
problem and the traffic network problem, because two objectives of these problems are likely to be 
competing. 
This paper presents a new generalized model to solve simultaneously both problems of 
locating the city center and constructing the inter-city traffic network using multiobjective 
programming. The former problem can be formulated as the maximal covering location problem 
that is substantially regarded as the marketing principle of Christaller’s central place theory. Then, 
the traffic network problem in the latter is defined as the shortest path problem between cities, and 
it is shown that a central place system based on the traffic principle is derivable by adding a new 
constraint to the model of marketing principle. 
 
 
2. Model Formulation 
 
   When constructing an efficient traffic network, “the marketing principle is an awkward 
arrangement in terms of connecting different levels of the hierarchy” (Dicken and Lloyd 1990: 29). 
On the other hand, compared with the central place system based on the marketing principle, the 
traffic principle produces a system that “the central places would thus be lined up on straight traffic 
routes which fan out the central point” (Christaller 1966: 74). Figure 1 shows the difference of the 
traffic routes of central place systems derived by two principles: a) marketing principle and b) 
traffic principle. First of all, a traffic route of level 3 (e.g. major road) is constructed from central 
place of highest level 4 (e.g. metropolis) to level 3 place when assuming that the traffic routes 
connect between places of different hierarchical levels. Then, the traffic network is organized by 
different routes according to where a central place of level 2 is located. In the marketing principle 
that supplying the goods or services is a prior objective, it is necessary that traffic routes between 
level 2 place and levels 4 or 3 places are constructed newly because a central place of level 2 is  
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Fig. 1  Traffic routes of the marketing principle and the traffic principle. 
 
located at point away from major cities (Fig. 1a). In contrast, the traffic principle is able to connect 
different levels of central places by only one traffic route of level 3 because lower cities are located 
along the route from level 4 place to level 3 place (Fig. 1b). As a result, the traffic route is 
constructed “as straightly and as cheaply as possible” (Christaller 1966: 74).  
   Here, we will assume the discrete location problem of centers that supply the goods or services 
of different types. The hierarchy of central place is determined by the number of centers on the 
node, and the arcs are simultaneously constructed on the shortest path between central places of 
different hierarchical levels. Then, the model is able to be formulated as follows as discrete and 
hierarchical location problem that there are two objectives of supplying the goods or services and 
reducing the traffic routes: 
 
 
min 𝑤𝑤 ∑ ∑ 𝑎𝑎𝑖𝑖
𝑖𝑖
𝑋𝑋𝑖𝑖𝑖𝑖
𝑖𝑖
+ (1 − 𝑤𝑤) ∑ 𝑐𝑐𝑔𝑔𝑍𝑍𝑔𝑔
𝑔𝑔
 (1)  
 
subject to: 
 ∑ 𝑌𝑌𝑗𝑗𝑖𝑖
𝑗𝑗∈𝑀𝑀𝑖𝑖m
+ 𝑋𝑋𝑖𝑖𝑖𝑖 ≥ 1   ∀ 𝑖𝑖, 𝑚𝑚 (2)  
 𝑍𝑍𝑔𝑔 ≥ 𝑌𝑌𝑗𝑗𝑖𝑖 + 𝑌𝑌𝑘𝑘𝑘𝑘 − 1 − ∑ 𝑌𝑌ℎ𝑘𝑘
ℎ∈𝑁𝑁𝑗𝑗𝑗𝑗
   ∀ 𝑗𝑗, 𝑘𝑘, 𝑔𝑔 ∈ 𝑅𝑅𝑗𝑗𝑘𝑘, 𝑚𝑚, 𝑙𝑙 > 𝑚𝑚 (3)  
 𝑌𝑌𝑗𝑗(𝑖𝑖−1) − 𝑌𝑌𝑗𝑗𝑖𝑖 ≥ 0   ∀ 𝑗𝑗, 𝑚𝑚 ≥ 2 (4)  
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 ∑ 𝑌𝑌𝑗𝑗𝑗𝑗
𝑗𝑗
= 𝑝𝑝𝑗𝑗   ∀ 𝑚𝑚 (5)  
 𝑋𝑋𝑖𝑖𝑗𝑗 = 0,1 (6)  
 𝑌𝑌𝑗𝑗𝑗𝑗 = 0,1 (7)  
 𝑍𝑍𝑔𝑔 = 0,1 (8)  
 
where: 
ai = population of demand node i; 
cg = cost of constructing arc g; 
pm = the number of type m centers; 
dij = distance from node i to node j; 
Sm = the maximum service distance of type m center;  
1 if demand node i is not covered by a type m center within distance Sm; 
 Xim =  
  0 otherwise; 
 
1 if a type m center locates at node j; 
 Yjm =  
  0 otherwise; 
 
1 if arc g is constructed; 
 Zg =  
  0 otherwise; 
Mim = the set of nodes j within distance Sm, that is {𝑗𝑗𝑗𝑗𝑗𝑖𝑖𝑗𝑗 ≤ 𝑆𝑆𝑗𝑗}; 
Njk= the set of nodes h closer to node j than node k, that is {ℎ𝑗𝑗𝑗𝑗𝑗𝑗 < 𝑗𝑗𝑗𝑗𝑗𝑗, ℎ ≠ 𝑗𝑗}; 
Rjk= the set of arcs g on the shortest path from node j to node k; 
 
   The objective function (1) contains two objectives; (a) minimize the total population 
uncovered by each service, and (b) minimize the total cost of constructing arcs between centers. 
The model is formulated using multiobjective programming that seeks to feasible alternatives to 
attain two above objectives by adjusting the weight w. The weight w takes a value 0 < 𝑤𝑤 < 1. 
Constraint (2) allows Xim to equal 1 when the demand node i is not covered by either centers of 
type m within the maximum distance Sm. Constraint (3) defines the construction of arcs that 
connect between the nearest centers of different types. For example, suppose that a center of type 1 
is located at node j and a center of type 2 is located at node k. If any centers of type 2 are not 
located at nodes closer to node j than node k, then Zg is equal to 1 because constraint (3) insures 
𝑍𝑍𝑔𝑔 ≥ 1, and the arcs that compose the shortest path connecting between node j and node k are 
constructed. However, if one or more centers of type 2 are located at nodes closer to node j than 
node k and a center of type 2 is not located at node k, then Zg is more than 0 or a negative value, 
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Fig. 2  Non-inferior solutions. In parentheses of Solution A through C among non-inferior solutions, the 
left numerical value indicates the total population uncovered and the right numerical value indicates 
the total cost of constructing arcs. 
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and it becomes Zg = 0 because Zg is minimized by objective function (1). Constraint (4) shows the 
successively inclusive hierarchy. It states that, if a center of type m is located at node j, then a 
lower-type m-1 center must also be located at node j. The number of type m centers is restricted in 
constraint (5). 
 
 
3. Computational Experience 
 
   The above model was tested on the well-known 55-node Swain network shown in Fig. 2. Each 
node was considered as a demand node as well as a potential center location, and the arcs 
connecting between nodes were drawn by referring to Serra et al. (1996). The set of arcs 
constituting each shortest path were setting previously by solving the shortest path problem 
between two arbitrary nodes. The cost of constructing arc was equal to the length of the arc. 
Suppose that there were three kinds of center for supplying services of types 1 through 3, and the 
maximum service distance of each type was assumed to be S1 = 5, S2 = 10, and S3 = 20 respectively. 
The number of centers from lower-order to higher-order was each p1 = 18, p2 = 6, and p3 = 1. The 
problem was solved using NUOPT ver. 15.1.0 by NTT DATA Mathematical Systems Inc.  
When the model is applied by adjusting the weight w in increments of 0.01 from 0.01 to 0.99, 
sixteen non-inferior solutions shown in Fig. 2d are derived. There is a trade-off relationship 
between two objectives. Among the non-inferior solutions, Solution A is the same result as the 
maximal covering location problem because the sum of uncovered population of each service 
takes a minimum value 166. Figure 2a shows the central place system by non-inferior Solution A. 
Depending on the result of supplying services for the entire region as much as possible, five cities 
of level 2 surround the city of level 3 city and twelve cities of level 1 are located away from the 
higher-level cities. Such dispersed locations of cities are similar to the arrangement of central place 
system by Christaller’s marketing principle. However, many inter-city traffic routes are needed 
because of connecting between mutually separated cities and the total cost (distance) of 
constructing arcs becomes maximum value as a result (Fig 2d). 
It becomes possible to reduce the total cost of construction arcs on the traffic network by 
reducing the weight w, and alternative solutions are derived. Solutions B and C are one of such 
alternative solutions. The central place system by Solution B shown in Fig. 2b indicates that the 
cities of level 2 are arranged as well as Fig. 2a but the cities of level 1 are located along the shortest 
path between level 3 and level 2 cities. Furthermore, according to Solution C (Fig. 2c), all levels of 
cities are aligned approximately on straight lines and a more efficient traffic network is constructed, 
as if the effect of traffic principle appears.  
Thus, the above model is regarded as integrating both the marketing principle and the traffic 
principle that bring different consequences to the arrangement and the traffic network of central 
place systems. 
 
 
4. Summary and Conclusions 
 
   This paper proposed to the maximal covering location problem incorporating inter-city traffic 
network and defined the model to integrate both of the marketing principle and the traffic principle 
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in Christaller’s central place theory. By introducing constraint (3), the location problem of center 
and the connecting problem between cities are able to be solved simultaneously. It was shown that 
various central place systems are derived by the model using multiobjective programming from 
the marketing principle to the traffic principle. However, to solve the above problem, greater 
computational efforts is necessary due to constraint (3) that have the tendency to cause the large 
size problem as the number of nodes and arcs increase. If we could apply the model toward a more 
complex problem, it might be also possible to derive a mixed hierarchy of central place system 
that different principles depending on the levels of cities are interacted. And, it might suggest the 
similarity with the general hierarchical model by Parr (1978). 
 
 
Acknowledgements 
 
I wish to dedicate this paper to Professor Yoshio Sugiura in commemoration of his retirement 
from Tokyo Metropolitan University. He gave me the opportunity to study central place theory and 
location-allocation model. I am deeply grateful to him for his constant advice and encouragement. 
 
 
References 
 
Beaumont, J. R. 1987. Location-allocation models and central place theory. In Spatial analysis and 
location-allocation models, ed. A. Ghosh and G. Rushton, 21-54. New York: Van Nostrand 
Reinhold. 
Bigotte, J. F., Krass, D., Antunes, A. P. and Berman, O. 2010. Integrated modeling of urban 
hierarchy and transportation network planning. Transportation Research Part A 44: 506-522. 
Christaller, W. 1966. Central places in Southern Germany (translated by C. W. Baskin). 
Englewood Cliffs: Prentice-Hall. 
Dicken, P. and Lloyd, P. E. 1990. Location in space, 3rd ed. London: Harper & Row. 
Dökmeci, V. F. 1973. An optimization model for a hierarchical spatial system. Journal of Regional 
Science 13: 439-451. 
Farahani, R. Z, Hekmatfar, M., Arabani, A. B. and Nikbakhsh, E. 2013. Hub location problems: A 
review of models, classification, solution techniques, and applications. Computers & Industrial 
Engineering 64: 1096-1109. 
Ishizaki, K.1992. Formulating Christaller’s central place theory by location-allocation model. 
Geographical Review of Japan 65A: 747-768.* 
Ishizaki, K.1995. A reinterpretation of Christaller’s central place theory: From marketing principle 
to generalized maximal covering location problem. Geographical Review of Japan 68A: 
579-602 .* 
Melkote, S. and Daskin, M. S. 2001a. An integrated model of facility location and transportation 
network design. Transportation Research Part A 35: 515–538. 
Melkote, S. and Daskin, M. S. 2001b. Capacitated facility location/network design problems. 
European Journal of Operational Research 129: 481–495. 
O’Kelly, M. E. 1986. The location of interacting hub facilities. Transportation Science 20: 92-106. 
Parr, J. B. 1978. Models of the central place system: a more general approach. Urban Studies 15: 
- 43 -
 
 
35-49. 
Puryear, D. 1975. A programming model of central place theory. Journal of Regional Science 15: 
307-316. 
Saey, P. 1973. Three fallacies in the literature on central place theory. Tijdschrift voor Economische 
en Sociale Geografie 64: 184-194. 
Şahin, G. and Süral, H. 2007. A review of hierarchical facility location models. Computers & 
Operations Research 34: 2310-2331. 
Serra, D., Ratick, S. and ReVelle, C. 1996. The maximum capture problem with uncertainty. 
Environment and Planning B 23: 49-59. 
Serra, D. and ReVelle, C. 1993. The pq-median problem: Location and districting of hierarchical 
facilities. Location Science 1: 299-312. 
Storbeck, J. E. 1988. The spatial structuring of central places. Geographical Analysis 20: 93-110. 
Storbeck, J. E. 1990. Classical central places as protected thresholds. Geographical Analysis 22: 
4-21. 
Straitiff, L. S. and Cromley, R. G. 2010. Using GIS and K=3 central place lattices for efficient 
solutions to the location set-covering problem in a bounded plane. Transactions in GIS 14: 
331-349. 
 
(*: in Japanese with English abstract) 
- 44 -
